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ABSTRACT
We investigate the continuous wave solutions of a system of two mutually delay coupled semiconductor lasers.
These continuous wave solutions, which we refer to as compound laser modes (CLMs), are locked solutions of
the coupled laser system where both lasers lase at a common frequency. We model the system by a set of delay
differential rate equations, where we assume that, apart from a possible detuning in their free running optical
frequencies, the lasers are identical. We show how the structure and the stability of the CLMs depend on the
main parameters, namely, the feedback phase, the feedback rate, the pump parameter, and the detuning.
We identify two mechanisms for creating CLMs. First, CLMs emerge from the off-state of the coupled laser
system in Hopf bifurcations. Second, CLMs are created in pairs in saddle-node bifurcations. For the special
case of zero detuning we also find pitchfork bifurcations that organize the CLM structure. We show in which
parameter regions CLMs exist, where they are stable, and which bifurcation curves form the boundary of the
stable locking region.
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1. INTRODUCTION
Two coupled oscillators are locked if they operate with a common frequency, even though their natural solitary
frequencies are different. A prominent example is the Adler locking scenario of two instantaneously coupled
oscillators.1 We are interested here in the influence that delay in the coupling may have on the possibility
of locking or synchronization, which is of fundamental interest in physics and still only partially understood;
see, e.g., Ref. [2, 3]. Coupled semiconductor lasers are a prototype example of two coupled oscillators4 and, as
such, very interesting systems for studying nonlinear dynamics of coupled oscilators. Semiconductor laser show
a great dynamical variety, and the agreement between experiment and theory is very good; see, e.g., Refs. [4–9].
Moreover, coupled lasers are also of great technological interest because of possible application, such as bistable
devices for optical flip-flops, high-frequency generation for optical clocks, or secure communication with a chaotic
carrier; see, e.g., Refs. [5, 10–12]. It is known that even weak coupling between different optical components can
lead to complicated dynamics.13
In this paper we show how the structure and the stability of the compound laser modes change as the main
parameters are changed. We consider here the influence of the feedback phase, the feedback rate, the pump
parameter, and the detuning between the lasers. All these parameters vitally influence the CLM structure,
which is of great importance for understanding more complicate dynamics of coupled laser system. CLMs can
actually be created in two different ways: they can emerge from the off-state of the coupled laser system in
Hopf bifurcations (the first of which corrsponds to the threshold of the coupled laser system), and they can
appear in pairs in saddle-node bifurcations. We use bifurcation analysis with DDE-BIFTOOL [14] to study in
which parameter regions CLMs are stable and which type of instabilities is encountered at the boundary of the
locking region. In our investigations the case of zero detuning plays the role of an organising center, as it features
pitchfork bifurcations due to the additional phase space symmetry of exchanging the two lasers.
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Figure 1. Sketch of the delay-coupled laser system.
This paper is structured as followed. First, we introduce the system and the model equations in Sec. 2. In
Sec. 3 we discuss different types of CLMs in the commonly used representation of frequency versus inversion for
fixed pump parameter and coupling rate, and for zero and non-zero detuning. In Sec. 4 we show how the number
of CLMs and, therefore, the complexity of the coupled laser system, increases as the coupling rate is increased
symmetrically for both lasers. Section 5 discusses the influence of the pump parameter on the locking regions
for changing detunings and a fixed coupling rate. We end with conclusions in Sec. 6.
2. THE COUPLED LASER SYSTEM
The two lasers are coherently coupled via there optical fields, i.e., a fraction κ of the light emitted by laser 1
is injected into laser 2, and vice versa. Apart from a difference in their free running optical frequencies we
assume two identical laser and symmetrical coupling conditions; Fig. 1 shows a sketch. The lasers are spatially
separated, which results in a delay of τ = l
c
, where l is the distance between the lasers a c the speed of light.
Furthermore, while traveling from one laser to the other, the optical fields accumulate the coupling phase Cp.
This delay-coupled system can be described well by a set of delay differential equations:
dE1(t)
dt
= (1 + iα)N1(t)E1(t) + κe
−iCpE2(t− τ)− i∆E1(t) , (1)
dE2(t)
dt
= (1 + iα)N2(t)E2(t) + κe
−iCpE1(t− τ) + i∆E2(t) , (2)
T
dN1(t)
dt
= P −N1(t)− (1 + 2N1(t))|E1(t)|
2 , (3)
T
dN2(t)
dt
= P −N2(t)− (1 + 2N2(t))|E2(t)|
2 . (4)
Here the indices 1 and 2 distinguish the equations for the two laser; see also Ref. [15]. In these equations the
time t is rescaled with the photon life time (which is typically of the order of 10 ps). N1,2(t) are the inversions of
laser 1 and laser 2 with respect to the inversion at threshold. E1,2(t) are the envelopes of the complex optical field
E1,2(t) = E1,2(t)e
iΩt, with the mean optical frequency Ω = (Ω1 + Ω2)/2. The parameters Ω1,2 are the solitary
Table 1. The parameters and their values.
symbol laser parameter value
α linewidth enhancement factor 2.5
T electron life time 392.0
τ coupling time 20.0
Cp coupling phase [−pi, pi]
∆ detuning [−0.1, 0.1]
κ coupling strength [0, 0.2]
P pump parameter selected values in [−0.093, 0.3]
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Figure 2. The different CLMs for zero detuning, ∆ = 0, in the (ωs, Ns1,2)-projection. Black indicates constant-phase
CLMs and gray variable-phase CLMs. In panel (a) the circles (◦) and the crosses (×) denote the inversions of laser 1 and
laser 2, respectively. In panel (b) pluses (+) denote saddle-node bifurcations, diamonds (⋄) pitchfork bifurcations and
stars (∗) Hopf bifurcations; thick curves indicate stable CLMs; P = 0.3 and κ = 0.1.
lasers frequencies of laser 1 and laser 2, respectively. The parameter ∆ describes the detuning between these two
solitary lasers frequencies, and Cp is the coupling phase that the optical fields accumulate while traveling from
one laser to the other, namely,
∆ =
Ω2 − Ω1
2
, Cp =
Ω1 +Ω2
2
τ = Ωτ . (5)
Alternatively, the solitary lasers frequencies Ω1,2 can be expressed in terms of the detuning ∆ and the coupling
phase Cp as
Ω1 =
Cp
τ
−∆ , Ω2 =
Cp
τ
+∆ . (6)
The remaining parameters are the linewidth enhancement factor α, the electron life time T , the coupling rate κ,
and the pump parameter P . The values of all parameters can be found in Table 1.
3. THE COMPOUND LASER MODES
The CLMs are the basic solutions of equations (1)–(4), and they can be written in the form
E1(t) = R
s
1e
iωst , E2(t) = R
s
2e
iωst+iσ , N1(t) = N
s
1 , N2(t) = N
s
2 , (7)
where Rs1,2, N
s
1,2, ω
s and σ are real valued. In this ansatz Rs1,2 are the positive amplitudes of the optical fields
and Ns1,2 the inversions of laser 1 and 2, respectively. Further, ω
s is the lasers’s common optical frequency with
respect to the mean frequency Ω, and σ is a possible time-independent phase shift.
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Figure 3. The different CLMs for non-zero detuning, ∆ = 0.01, in the (ωs, Ns1 )-projection for laser 1 (a), and in the
(ωs, Ns2 )-projection for laser 2 (b). Pluses (+) denote saddle-node bifurcations and stars (∗) Hopf bifurcations; thick
curves indicate stable CLMs; P = 0.3 and κ = 0.1.
Figure 2 depicts the CLMs for zero detuning, ∆ = 0, in the (ωs, Ns1,2)-projection for a pumping of P = 0.3
well above threshold and the intermediate level of coupling of κ = 0.01. For a fixed value of the coupling phase
Cp a finite number of CLMs exist. In Fig. 2(a) they are plotted as circles (◦) for the inversion of laser 1 and
crosses (×) for the inversion of laser 2. The closed ellipse-like curves are traced out by the respective CLM as the
coupling phase Cp is changed over one interval of 2pi; see Ref. [16]. In particular, two types of CLMs exist. There
are CLMs for which the inversions of both lasers are identical, and they trace out the black ellipse. Furthermore,
there are CLMs for which the inversions of the two lasers are not identical, and they trace out the gray ellipses.
Note that the inversion of the laser 1 lies on the lower curve and the inversion of the laser 2 on the upper curve,
and vice verse. These two types of solutions are possible because of the symmetries of Eq. (1)–(4). For ∆ = 0
there is an additional reflectional symmetry, so that every CLM comes in two identical pairs or has a symmetric
counterpart.16 The CLMs that come in identical pairs are called constant-phase CLMs, because the phase σ
is a constant (as a function of Cp) and can only take the values σ = 0 or σ = pi. Note that for constant-phase
CLMs the inversions of both lasers are identical, that is, Ns1 = N
s
2 . The CLMs that come in symmetric pairs
are called variable-phase CLMs, because the phase σ is a function of Cp (and, hence, of the frequency ω
s). For
variable-phase CLMs the inversions of both lasers are not identical, that is, Ns1 6= N
s
2 .
Figure 2(b) shows the stability information for the different branches of CLMs in Fig. 2(a). Stable parts are
plotted as thick curves; notice that only the low-inversion part of the constant-phase curve is stable. When Cp
is changed and a CLM enters this thick plotted part of the curve then this CLM is stable. The stability region
is bounded by a saddle-node bifurcation (+) to the right and by a Hopf bifurcation (∗) to the left. Moreover,
the constant-phase CLMs can undergo additional bifurcations as Cp is changed. Apart from additional Hopf
0 0.1 0.2
−0.1
0
0.1
0.2
0.3
0 0.1 0.2
−0.1
0
0.1
0.2
0.3
κ κ
N s1,2N
s
1,2
Figure 4. One-parameter bifurcation diagram of the CLMs for zero detuning, ∆ = 0, in the (κ,Ns1,2)-projection. The
constant-phase CLMs are plotted in black and the variable-phase CLMs in gray; panel (a) shows the CLMs for κ = 0.1
and panel (b) shows bifurcations points; namely, pluses (+) denote saddle-node bifurcations, diamonds (⋄) pitchfork
bifurcations and stars (∗) Hopf bifurcations; thick curves indicate stable CLMs; P = 0.3 and Cp = 0.0.
bifurcations there are two pitchfork bifurcations (⋄). In these pitchfork bifurcations variable phase CLMs are
born and destroyed. The second set of variable CLMs — on the small ellipses around the (ωs, Ns1,2 ≈ (0, 0)) and
(ωs, Ns1,2 ≈ (0, 0.27)) — are created and lost in separate saddle-node bifurcations.
Figure 3 shows what the CLM structure looks like for a non-zero detuning of ∆ = 0.01 and the same values
of P = 0.3 and κ = 0.1. To distingush between the two lasers, the (ωs, Ns1 )-projection for laser 1 is shown in
panel (a) and the (ωs, Ns2 )-projection for laser s is shown in panel (b). As a result of the non-zero detuning the
two pitchfork bifurcations unfold to saddle-node bifurcations.16 In the (ωs, Ns1,2)-projections a horseshoe-like
structure is formed for both lasers. For laser 1 the horseshoe is open at the high-inversion part and for laser 2
the horseshoe is open in the low-inversion part. Note that a CLM for fixed Cp corresponds to a point in panel (a)
and one in panel (b) with the same frequency ωs. Stable CLMs can be found on a small part in the lowinversion
region of the horseshoes. This stable locking region is bounded by a saddle-node bifurcation to the left and
by a Hopf bifurcation to the right. In addition the CLMs on the small ellipses around (ωs, Ns1,2 ≈ (0, 0)) and
(ωs, Ns1,2 ≈ (0, 0.27)) split up into two pairs, which are slightly shifted with respect to each other.
4. CLM DEPENDENCE ON THE COUPLING RATE
In this section we show how CLMs are created as the coupling strength κ is increased symmetrically for both
lasers. Figure 4 shows the (κ,Ns1,2)-projection for ∆ = 0, where in black are plotted the constant-phase CLMs
and in gray the variable-phase CLMs. In panel (a) only the structure of the CLMs is shown, while panel (b)
displays the stability information and bifurcations. It can be seen that for κ = 0 there are in total four different
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Figure 5. One-parameter bifurcation diagram of the CLMs for a non-zero detuning of ∆ = 0.01 in the (κ,Ns1 )-projection
for laser 1 (a), and in the (κ,Ns2 )-projection for laser 2 (b). Pluses (+) denote saddle-node bifurcations and stars (∗) Hopf
bifurcations; thick curves indicate stable CLMs; P = 0.3 and Cp = 0.0.
CLMs. There are two constant-phase CLMs (in-phase and anti-phase CLMs), which emerge from the solitary
laser solutions for which both lasers are in their on-state. These constant-phase CLMs are stable initially and
then destabilize in a Hopf bifurcation (∗). Furthermore, there are two variable-phase CLMs (recall that variable-
phase CLMs come in symmetric pairs). They emerge from the solitary laser solution for which one laser is in its
on-state and the other laser in its off-state, and vice versa. These variable-phase CLMs are unstable.
Additionly, as the coupling rate κ increases constant-phase CLMs are born in pairs in saddle-node bifurcations
(+). One of these CLMs may initially be stable (in the low-inversion region) and then destabilizes in a Hopf
bifurcation. Moreover, variable-phase CLMs are born in pairs in pitchfork bifurcations (⋄) of constant-phase
CLMs.
Again as the detuning ∆ is ‘switched on’ all pitchfork bifurcations unfold to saddle-node bifurcations. This
can be seen in Fig. 5 in the (κ,Ns1,2)-projection for a non-zero detuning of ∆ = 0.01, where panel (a) shows the
inversion of laser 1 in black and panel (b) the inversion of laser 2 in gray. Close to zero coupling (κ = 0) only
those CLMs exist, which emerge from the solitary laser solution where laser 1 is off and laser 2 is on, and vice
versa. As the coupling rate κ increases, additional CLMs are born in pairs in saddle-node bifurcations. Around
κ = 0 no stable CLMs can be found, a minimum coupling strength is needed to enable stable locking; see the
thick parts of the CLM branches.
5. CLM DEPENDENCE ON THE PUMP PARAMETER
A question of interest is how the stable locking region is influenced by changes of the pump parameter of the two
lasers. In particular, the pump parameter influences the frequency of the lasers’s internal relaxation oscillations.
Therefore, complicated interactions between relaxation oscillations and, for example, oscillation on the scale of
the coupling time of the lasers might be encountered.
In this section we discuss the shape of the stable locking region and the bifurcations at its boundary in
the plane of detunings as the pump parameter is changed symmetrically for both lasers. Figure 6 shows the
(Ω1,Ω2)-projection for different values of the pump parameter P . Note that this projection is equivalent to the
(∆, Cp)-projection used in Ref. [16, 17], according to transformation Eq. (6). However, from experimental point
of view the (Ω1,Ω2)-projection is convenient, because typically one fixes the frequency of one laser and changes
the frequency of the other laser.9 Changing the frequency of both lasers by the same amount would than result
in a change of the coupling phase Cp only, whereas changing the (solitary) frequencies of both lasers by the same
magnitude but in opposite directions would result in a change of the detuning ∆ only.
For very low pump parameter [Fig. 6(a)], just above the threshold of the coupled laser system, distinct regions
of stable CLMs can be found. Indeed they are Cp copies of each other, i.e, from one region to the next Cp has
increased by pi. The CLMs are constant-phase CLMs and the boundary of the locking region is entirely formed
by a Hopf bifurcation of the off-state of the coupled laser system (thin black curves). Because of the coupling the
laser threshold is reduced and only for sufficiently small detuning the lasers can profit from the mutual coupling.
When the detuning is too large then the effective coupling is too low and both lasers are off. As the pump
parameter increases, the locking regions increase in size, so that adjacent Cp copies start to overlap each other.
The points where they start to overlap give rise to additional bifurcations, namely Hopf bifurcation of CLMs
(gray curves) and saddle-node bifurcations of CLMs (thick black curves). Because of the interactions of different
CLMs, instabilities arise. This can be seen in Fig. 6(c), where small unstable islands separate adjacent stable
locking regions. The boundary between the stable and unstable CLMs is initially formed by Hopf bifurcations
of CLMs. As the pump parameter increases further, the unstable regions become larger and the boundary
between the stable and unstable CLMs is formed by both Hopf bifurcations of CLMs and by bifurcations of
CLMs [Fig. 6(e)]. Eventually, for sufficiently high pumping, a typical triangular locking region can be found
[Fig. 6(h)], which qualitatively does not change anymore for an even higher pump parameter. Now the whole
detuning plane is filled with either stable or unstable CLMs.
Note that most of the qualitative changes occur for negative P , i.e., below the threshold of the solitary lasers.
It clearly depends quite sesitively on the value of the pump parameter which curves bound the locking region,
namely via a Hopf bifurcation of the off-state, via Hopf of a CLM or via asaddle-node bifurcation of CLMs. Each
of these possibilities leads to qualitatively different dynamics, which are beyond the sope of this paper.
6. CONCLUSIONS
In conclusion we discussed the compound laser modes of two mutually delay-coupled semiconductor laser as a
function of the main parameters, namely the feedback phase, the feedback rate, the pump parameter and the
detuning. CLMs are locked solutions where both lasers operate at the same frequency, but with possibly different
intensities. We found that the CLMs may be stable even though the lasers are detuned. Two mechanisms can
create CLMs. One is by a Hopf bifurcation of the off-state, which is typical when the pump parameter is changed.
The other is by saddle-node bifurcations of CLMs, which is typical when the feedback phase, the feedback rate,
or the detuning are changed.
Knowledge of the CLM structure — and this includes the unstable CLMs as well — is the key to understanding
the dynamics of delay-coupled lasers. The geometric picture we provided here paves the way for future studies
of more complicated dynamics of coupled laser systems.
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Figure 6. Two-parameter bifurcation diagrams of the CLMs for κ = 0.1 in the (Ω1,Ω2)-projection for different values of
the pump parameter as indicated in the panels. In the gray areas CLMs are stable, thin black curves are Hopf bifurcations
of the off-state, thick black curves are saddle-node bifurcations of CLMs, and gray curvess are Hopf bifurcations of CLMs.
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